In this work, we investigate a two dimensional honeycomb photonic crystal (2D HPC) with symmetry point group, which is known to demonstrate a double Dirac cone at = 0 of the Brillion zone. Then we design two deformed PCs from the original one, by modifying the radius of the cylinders from the unit cell center in which the symmetry is reduced to the group and new structure exhibits the photonic topological edge states. Consequently, the topologically protected propagation of the edge states with back scattering-immune feature is observed along the interfaces of the two deformed PCs without any defects or including cavities or bend. Furthermore, the directional surface modes exit from the photonic topological insulators (PTIs) including various defects, is investigated. As well as, we explore the propagation and coupling of light through the coupled photonic topological insulators (CPTIs).
Introduction
The fascinating innovation of the unique behavior of the electrons in the solid state physics, identified as the quantum spin Hall effect (QSHE) in which the topology is the main impression [1] [2] [3] [4] , provide suitable platform to train the equivalent manners in the photonic structures, like periodic PCs [5] [6] [7] .
There are two approaches for stimulating the topological behavior like back-scattering immune transmission against the disorders, defects and even cavities in the PCs. The first one is breaking the time-reversal (TR) symmetry has been applied in the magnetic excitation [8] [9] [10] , the dynamic modulation [11] [12] [13] , and the coupled helical mechanism [14] [15] . Moreover, it can be done without breaking the TR symmetry as the second approach applied in other medium such as the bi-anisotropic meta-crystals [16] [17] [18] [19] [20] [21] [22] [23] .
Dirac cones with specific features are appeared in the band structures of the two dimensional electronic, phononic and the photonic crystals are known from the first time when the effective research on the graphene structures has been done [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . Several incredible wave transference properties related to the edge sates and transmission like one-way transmission and wave front shaping near the Dirac cone of the dispersion diagram of the 2 dimensional electronic [24, [37] [38] and photonic medium are revealed [6, [39] [40] [41] [42] [43] [44] . According to a recent study reported by L. H. Wu and X. Hu in 2015, honeycomb PCs which preserve the point group symmetry are one of the best lattices providing a platform for studying the robust one-way, back-scattering immune light transport, which is one of the main properties of the photonic topological insulators, without breaking the time reversal symmetry [45, 46] . In another study published in 2016, S. Barik et. al. studied the honeycomb lattice consisting of the triangular holes based on the GaAs dielectric substrate. So they perturbed the honeycomb structure by first increasing the distance between the whole holes and the center of the unit cell to obtain the expanded structure and then decreasing the radii to create a shrunken one. It was found that three dimensional honeycomb lattice consists of the triangular holes embedded on the dielectric slab with a distinct height and illuminated with the TM polarization, supports two dimensional confined helical topological edge states without more loss due to the total internal reflection of light from the slab. They also applied the circular holes in place of the triangular ones which neither band gap, nor any edge states were seen in the dispersion diagram [47] . S. Barik et. al. experimentally continued their studies. To design the topological photonic insulator, they used again previous perturbed honeycomb PCs composed of triangular holes on the GaAs substrate. By studying the dispersion diagram of this topological photonic insulator, they observed two nondegenerated helical edge states with opposite circular polarization and Poynting vectors at the bandgap region [48] . While we apply a two dimensional honeycomb PC composed of six circular rods in the air background preserve the point group symmetry which reveals spin quantum Hall physics associated with the two pseudospin states. We perform our perturbations by increasing and decreasing the distance between the rods and the center of the unit cell in the form of one in between which is different from the expanding or compressing the unit cell wholly. Two perturbed PCs do not preserve the symmetry but reduce it to besides they show different topological behaviours. Designing a topological structure through these two materials with opposite topological behaviors, we study the robust topological edge states propagation around sharp bends, through cavities and disorders. So, the helical edge states are observed in the topological bandgap for the TM polarization in comparison with the Barik et al. structures for circular holes. As recognized early they used triangular rods instead of circular ones to detect the helical edge states. So as we proposed, using honeycomb PC composed of circular rods is more accessible and useful in place of triangular ones from the practical point of view to study the topological features such as protected helical edge transport in the contours including bending, disorders or cavities. As well as, recently PCs have been implemented to excite the directional emission of the surface wave at the termination of the PCs which is coupled to the air modes. We explore the directional surface mode emission of the edge modes at the end face of the PTIs [49] . Besides, PCs are the intriguing candidates for the planar and coupled cavity waveguides for producing enhanced light propagation through these types of waveguides. So, the Electrooptical switching can be regarded as the important factors for employing in the photonic integrated circuits. In this paper, we expand this kind of switching of light through the coupled photonic topological insulators (CPTIs) [50] .
Photonic Topological Insulator (PTI)
Here, we introduce a 2D HPC where each unit cell consists of six metamaterial rods on a deeply subwavelength scale, radius with permittivity = 12 in air ( > ) possessing symmetry, and embedded at the distance from the unit cell center with two lattice vectors ⃗ = ( , 0) and ⃗ = ( , √ ) where is the lattice constant. In Figure 1 (a), the graphic representation of the photonic lattice is shown. / and / due to the symmetry. In fact, one may employ these representations to form pseudo-time-reversal symmetry. We perform the numerical calculations of the photonic band structures via the package MIT Photonics Bands (MPB) [51] .
Here we note that the behavior of honeycomb PC in which the Dirac cone is revealed at the central point, is similar to the met crystal with zero effective refractive index ( ) = 0 [36] . Breaking the symmetry of the PC leads to the QSHE, supplemented with the topologically edge states seen between regions with different bulk topological phases, which is the most fascinating properties of the photonic topological insulators. By modifying the distance , the coupling between adjacent metamolecules will be changed, ultimately results in reducing the point group symmetry to , lifting the Dirac point, so appearing the two-fold degenerated bands. Figure  2 To verify the unidirectional propagation of light and the negligible attenuation around the sharp corners (bends) and cavities, we apply the Lumerical FDTD solution [52] to design an up-down photonic topological insulator (PTI), composed of metamaterial honeycomb PCs, types A and B and we use the PML boundary conditions around the structure, Figure 4 . Two magnetic dipoles at the edge state frequencies are embedded in the interface of two PCs, types A and B, to produce electric field , (yellow star). They are vertical and 90 phase differences are between them ( + ).
Complete band band gap Fig. 4 . (a) Propagation of the edge sates in one-way at the interface of two types of PCs, A and B without any defects and propagation with backscattering immunity at (b) arbitrary bend defect, (c) an arbitrary-shaped cavity made by removing the rods of two unit cells, at the common boundary, the exact locations of two orthogonal magnetic dipoles is shown by the star.
Directional Surface Mode Emission Using Photonic Topological Insulators
We explore the directional emission of the light exiting the photonic topological structure. Indeed, the beam divergence takes place when the illuminated beam of the wavelength λ, leaves the structure of the subwavelength geometry Removing this unfavorable effect, so reaching the directional surface mode emission have been considerable recently. For example, applying various defects at a photonic crystal may lead to achieving the directional edge states.
Here, we investigate highly directional topological edge mode exiting the PTI applying various kinds of defects through our structure. In addition, we explore the enhanced transmission of the topological directional mode in comparison with the first topological diverged mode at the distances far from the exit of the PTI. , exits from our previous up/down design. As seen in the Figure 5. (a) , the one-way edge state propagating from the source, experiences a high divergence leaving the topological structure, so entering the free space. Figures 5. (b)-(c) , show the intensity, | | and ( ) at the free space region in front of the PTI respectively.
We design various cavity defects at termination of the PTI in order to manufacture the directional edge states out of the topological geometry. Figure 6 . (a), shows the directional edge mode leaving the PTI manufactured by creating a cavity at the region of the PC type A. Indeed, this cavity has been made by removing one unit cell of PC, type A. We found that the output light of the recent structure becomes narrower than the light of the main structure in Figure 5. (a) . Besides, the light intensity of the defected ( ) ( ) ( ) structure becomes more powerful than the light intensity of the main structure at the distances greater than 87 micrometers, indicated with pink dashed line). Moreover, the light divergence may be decreased by creating other cavity in the PC, type B. For studying the behavior of the topological edge state, = 190 , in front of the output, we insert various line detectors at different points in front of the main and last defected PCs exit. As seen in the Figure ( ), although the transmission of light of the defected PTI is about 65% (0.75/1.15) of the main PTI at the exit, = 80 , it becomes higher than the main PTI at ≥ 100 . We also study the transmission of other modes (not just the edge mode), in different positions in front of the main PTI ( , , , , ) and defected PTI ( , , , , ), see in the Figure 8 
Coupled Photonic Topological Insulators (CPTIs)
Inserting two two-dimensional PC waveguides in closeness of each other, provides a fascinating approach for in-plane propagating and coupling of the light through this kind of directional coupler electro-optical device. The coupled wave can turn back into the first waveguide which lead to exchanging the power alternatively.
Here, we prospect a light switching performance in coupled photonic topological interfaces. Indeed, the switch is carried out between two interfaces in PTIs composed of PCs types A and B. As seen in the Figure 9 (b) (center), light propagates from the input in the down PTI, strongly couples to the upper PTI through the interfaces and exit from the outputs. The transported light to the outputs 1 and 3 is so weak in comparison with the output 2, Figure 9 (b) (right and left sides).
Besides, the light transportation is studies through the different points of the CPTIs, in lines 1-4. 
Conclusion
In this paper, we study a 2D HPC in which the Dirac cone is observed at the central point of the Brillion zone, This PC acts as a zero refractive index metamaterial. Besides by modifying the radius of the cylinders from the center of the unit cell, two types of modified PC are proposed which can be used for designing the photonic topological insulators. The photonic edge states are secured topologically and robust against the disorders, bends and even cavities. Besides, we investigate highly directional topological edge mode exiting from the PTI including various kinds of defects. In addition, we explore the enhanced transmission of the topological directional mode in comparison with the first topological diverged mode at the distances far from the exit of the PTI
